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■ Abstract. We show that for almost all points on any analytic 
pL^ \ curve on R fe which is not contained in a proper affine subspace, 

■ the Dirichlet's theorem on simultaneous approximation, as well 
£NJ | as its dual result for simultaneous approximation of linear forms, 

cannot be improved. The result is obtained by proving asymptotic 
equidistribution of evolution of a curve on a strongly unstable leaf 
under certain partially hyperbolic flow on the space of unimodular 
lattices in R fe+1 . The proof involves ergodic properties of unipotent 

■ flows on homogeneous spaces. 

C3 



1. Introduction 

qq ■ The Dirichlet's theorem on simultaneous approximation of any k real 

t>- . numbers £1, ■ ■ ■ , says the following: 

CT) ■ (A) For any positive integer N there exist integers qi, . . . , qk,p such 

! that 

00 ! 1 9i & H h Qk€k -p\< N'" and < max fa] < N; 



O 



l<i<fc 

(B) For any positive integer N there exist integers q,pi, ■ ■ ■ ,Pk such 
that 

\q£i —Pi\ < and max|g| < N k . 

l<i<k 

After [6], we say that the D.Th. (A) (respectively, (B)) cannot be 
improved for £ = . . . , e M fc if for any < [l < 1 the following 
holds: 

(A/i) There are infinitely many positive integers N for which the pair 
of inequalities 

I (<7i£i + " — I" Qk^k) ~ p\ < p>N~ k and < max \q^ < p,N 

l<i<k 

are insoluble in integers qi, . . . , q^p (respectively, 
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(B/i) there are infinitely many positive integers N for which the pair 
of inequalities 

\q& - Pi\ < UN' 1 and < \q\ < fiN k 

are insoluble in integers q,pi, . . . ,Pk)- 

In [6], Davenport and Schmidt proved that D.Th. (A) and (B) cannot 
be improved for almost all £ G R fc . 

One says that D.Th. (A) (respectively, (B)) cannot be ^-improved for 
£ G M k if (A/x) (respectively, (B/x)) holds. In [7J Davenport and Schmidt 
showed that D.Th. (A) cannot be (l/4)-improved for the pair (£, £ 2 ) for 
almost all £ G R. This result was generalized by Baker pQ for almost all 
points on 'smooth curves' in M. 2 , by Dodson, Rynne and Vickers [S] for 
almost all points on 'higher dimensional curved submanifolds' of W k , 
and by Bugeaud [2] for almost all points on the curve (£, £ 2 , . . . , in 
each case (A/x) holds for some small value of /x < 1 depending on the 
curvature of the smooth submanifold. Their proofs typically involve 
the technique of regular system introduced in [6]. 

Recently the problem was recast in the language of flows on homo- 
geneous spaces by Kleinbock and Weiss [TT] using observations due to 
Dani [3J, as well as Kleinbock and Margulis [TO]. In [TT] it was shown 
that D.Th. (A) and (B), as well as its various generalizations, cannot 
be /x-improved for almost all points on any non-degenerate curve on IR fc 
for some small /x < 1 depending on the curve. In this article, we shall 
strengthen such results for all < /x < 1: 

Theorem 1.1. Let (p : [a, b] —>■ M fc be an analytic curve such that its 
image is not contained in a proper affine subspace. Then Dirichlet's 
theorem (A) and (B) cannot be improved for <p(s) for almost all s G 
[a, b] . 

This result will be deduced from a result about limiting distributions 
of certain expanding sequence of curves on the space of lattices in R fc+1 . 
A refinement of Theorem 11.11 is obtained in Theorem 11.41 



1.0.1. Notation. Let G = SL(n,M), n > 2. For t G M and £ 
(fi,...,f„_i) el" 4 , define 



at 



;i.2) 



,(n-l)t 



1 £l ... Cn-l 
1 



and a'. 



and u'(£) 



e -(n-l)t 
1 £n-l 1 



1 ?1 



1 J 



The main goal of this article is to prove the following: 
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Theorem 1.2. Let if : [a,b] — > M™ -1 fre an analytic curve whose image 
is not contained in a proper affine subspace. Let V be a lattice in G. 
The for any Xq G G/Y and any bounded continuous function f on G/Y , 



1 



b 



(1.3) lim -/ f(a t u(ip(s))x )ds = / f dp G} 

fr-wo |6 - a\ J a J G/r 

where p, G is the G-invariant probability measure on G/Y . Similarly, 

(1.4) lim / f(a' t u'{ip(s))xo)ds = f dp G . 
t->oo\b-a\J a J G/r 

This result corroborates [HI §4.3], [HI §4.1], and answers [T71 Ques- 
tion 6.1]. In fact, we will prove the following more general statement. 

Theorem 1.3. Let L be a Lie group and A a lattice in L. Let p : 
G — > L be a continuous homomorphism. Let Xq G L/A and H be a 
minimal closed subgroup of L containing p{G) such that the orbit Hx 
is closed, and admits a finite H -invariant measure, say pu- Then for 
any bounded continuous function f on L/A the following holds: 

(1.5) lim — ^ — - f(p(a t u(ip(s)))x )ds = fdp H . 
t^co\b-a\J a J Hxo 

The first part of Theorem 11.21 follows from Theorem 11.31 by taking 
L = G, p the identity map, and A = T; in this case H = G. 

Define an automorphism a : G — > G as follows: let Sk be the per- 
mutation on the n-coordinates of IR n which exchanges the i-ih and the 
(n+1 — z)-th coordinates for 1 < i < n, and we let o~(g) = Sk( t g~ 1 )s'^ 1 
for all g G G. Then cr(a t ) = a' t and a(u(£)) = «'(£)• Now the second 
part of Theorem 11.21 follows from Theorem 11.31 by taking L = G, p = a 
and A = T; we observe that H = L in this case. 

1.0.2. Next we take L = G x G, Y = SL(n,Z), A = Y x Y and 
p{g) = (g, a{g)) for all g G G. Note that cr(Y) = Y, and hence p(Y) C A 
and p(Y) is a lattice in p{G). Therefore if we let xo = A, then p(G)xo 
is closed and admits a finite p(G) -invariant measure; in other words, 
we have H = p(G). Now using Theorem 11.31 in the next section we 
will deduce the following enhancement of Theorem 11.11 

Theorem 1.4. Let ip = (tpi, . . . , tpk) ■ I = [a,b] —* M. k be an analytic 
curve whose image is not contained in a proper affine subspace. Let 
Af be an infinite set of positive integers. Then for almost every s G I 
and any p < 1, there exist infinitely many N G M such that both the 
following pairs of inequalities are simultaneously insoluble: 

(1.6) \q\(p\(s) + • • ■ + qkfk(s) — p\ < p.N~ k and max|gj|<yuA^ 

Ki<k 



4 



NIMISH A. SHAH 



for (qi, . . . ,qk) GZK {0} and p G Z; and 

(1.7) max \qipi(s) — Pi\ < piV -1 and \q\ < fxN k 

l<i<k 

for q G Z \ {0} and (pi, . . . ,p fc ) G Z fe . 

1.1. Sketch of the proof of Theorem 11.31 Let I = [a, 6]. We will 

treat G as a subset of L via the homomorphism p. We consider the 
normalized parameter measure, say v, on the segment {u(<p(s))xo : s G 
1} on L/A. Take any sequence £j — ► oo. Let a ti v denote the translate of 
v concentrated on the curve a ti u((p(I))xQ. By Dani-Margulis criterion 
for nondivergence, if for every compact set T C L/A, we have 
(1.8) 

a u v{T) := — ^ \{s G [a,b] : a u u(ip(s))x G F}\ ^0 as i — >• oo, 

then the following algebraic condition holds: There exists a finite di- 
mensional representation V of G and a nonzero vector v (z V such 
that 

(1.9) lim a ti u((p(s))v -> 0, Vs G L 

i— >oo 1 

The 'Basic Lemma' (Proposition 14.21) . which is one of the main tools 
developed in this article, says that if {f(s) : s G 1} affinely spans R n_1 
then (11.91) cannot hold. 

Therefore using the Dani-Margulis criterion we deduce that given any 
e > there exists a large compact set T C L/A such that (a ti v)(.F) > 
1 — e. As a consequence, there exists a probability measure p on L/A 

such that after passing to a subsequence, a^v p with respect to 
the weak-* topology. 

At this stage, we note that u(<p(I))x is contained in a strongly 
unstable leaf for the action of 04 on L/A. Then for each so G 7 if <p(so) 
denotes the derivative of 99 at s , then 

(1.10) <p(s) - v(s ) = (s- s )tp(s ) + 0((s - s ) 2 ). 

Therefore for any large t > 0, the translated curve 
(1.11) 

{a t u(ip(s))x = u(e nt ((p(s) - (p(s )))(a t u(ip(s ))x ) : \s - s \ < 5 t } 

stays very close to the unipotent trajectory 

(1.12) {u(e nt (s - s )(p(s ))(a t u((p(s ))x ) : |s - s \ < 5 t }, 

if we choose 5 t > such that e n *5< — > 00, but e n *5^ — > as t — > 00. Note 
that the length of the unipotent trajectory (11.121) is about e nt <5 t ||0(so)|| 
and hence it is very long. Our difficultly is that the direction <p(so) of 
the flow varies with s . 
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In order to take care of this problem, instead of translating the orig- 
inal curve, we twist it by z(s) C Z G (A) = A x SL(n — 1, M.) so that 
z(s)u((p(s))z(s)~ 1 = u(ei) for all s G /; here A = {a t : t G R}, ei is 
a fixed nonzero vector in R ra_1 and we assume that <f(s) ^ for all 
s G I. We take another curve: {z(s)u(</?(s))a;o : s G 1} and associate 
a normalized parameter measure v' on it. Since z(I) is contained in 
a compact set, we conclude that after passing to a subsequence a ti v' 
converges to a probability measure v' as z — ► oo. Now one can show 
that v' is invariant under the flow {u(sei) : s G R}. Then we will be 
in the situation where we can use Ratner's theorem and the so called 
'linearization technique'. Using both and the 'Basic Lemma', we will 
show that there exist a nonzero vector v G V, which is algebraically 
associated to xq, and a curve / 9sh w(s) G V such that 



Again using an extension of the 'Basic lemma' (Corollary 14. 6[) we show 
that v is fixed by G. From this very restrictive situation, we further 
deduce that the measure v' is if-invariant, where H is the smallest 
closed subgroup of L containing G such that the orbit Hx is closed. 
Since the modification of v to obtain v' was only by elements centraliz- 
ing A in G, and since we have shown that u' is invariant under Zq(A), 
we obtain that v = z/, and hence v is if -invariant. This will prove 
Theorem 11.31 

1.2. Variations of the equidistribution result. 

1.2.1. Expanding translates of any curve. The following variation of 
Theorem 11.31 is more natural. 

Theorem 1.5. Let if) : [a,b] — > SL(n, R) be an analytic curve such 
that the image of the first row of this curve is not contained in a proper 
subspace o/R n . Let the notation be as in the statement of Theorem \1.3[ 



The above result will be deduced from Theorem 11.21 by using [T7J 
Lemma 5.1]. 

1.2.2. Uniform versions. First we state the basic uniform version of 
Theorem 11.21 

Theorem 1.6. Let the notation be as in Theorem ! 1.2\ Then given any 
compact set fC C G/T, a bounded continuous function f on G/T and 



(1.13) 



t— >oo 



lim atu(ip(s))v — > w(s), Ws G I. 



Then 



(1.14) 
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an e > 0, there exists to > such that for any x G JC and t > to, we 
have 



;i.i5) 
;i.i6) 



f(a t u((p(s))x)ds - fdfi 



f(a' t u'(if(s))x) ds — If dp 



>G 



< \b — ale 



< \b-a\e. 



The following result is a general uniform version for Theorem 11.31 

Theorem 1.7. Let if : [a,b] — > R™ -1 be an analytic curve whose image 
is not contained in a proper affine subspace o/M n_1 . Let L be a Lie 
group, A a lattice in L and it : L — > L/A the quotient map. Let 
p : G — ► L be a continuous homomorphism. Let JC be a compact subset 
of L/A. Then given e > and a bounded continuous function f on 
L/A, there exist finitely many proper closed subgroups Hi, . . . , H r of L 
such that for each l<i<r,Hif\Aisa lattice in Hi and there exists 
a compact set 

(1.17) C t C N(Hi,p(G)) :={geL: p(G)g C gH} 

such that the following holds: Given any compact set 

F C JC \ U r i= Md) 
there exists t > such that for any x G F and any t > to,. 
1 



1.18 



b — a 



f(p(a t u(tp(s)))x)ds 



fdfii 



L/A 



< e. 



If L is an algebraic group then the sets N(Hi, p(G)) are algebraic 
subvarieties of L. Therefore unless H contains a normal subgroup of 
L containing G, the set U£ =1 7r(Cj) is contained in a finite union of 
relatively compact lower dimensional submanifolds of L/A. 

From the above result the following statement for translates of any 
curve can be deduced using [T7J Lemma 5.1]. 

Theorem 1.8. Let ip : [a, b] — > SL(n, R) be an analytic curve such 
that the image of the first row of this curve is not contained in a proper 
subspace o/R". Let the notation be as in the statement of Theorem \1.7\ 
Then given any compact set F C /C \ U^ =1 7r(Cj) there exists t > such 
that for any x G F and t >t , we have 



;i.i9) 



b — a 



f(p(a t ip(s))x) ds 



f dpi 



L/A 



< e. 
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In the next section we will deduce the number theoretic consequences 
from the equidistribution statement. Rest of the article closely follows 
the strategy laid out in §1.11 The basic lemma and its consequences 
are proved in £jH 

Acknowledgement. I am very greatful to Shahar Mozes and Elon Linden- 
strauss for the extensive discussions which have significantly contributed to 
the process of obtaining the 'Basic Lemma'. Thanks are due to D. Klein- 
bock, B. Weiss, Y. Bugeaud and W. Schmidt for their remarks on number 
theoretic implications of the results considered here. I would like to thank 
my wife for her encourgement. 



2. Deduction of Theorem 11.41 from Theorem 11.31 



The argument given below is based on (TTj §2.1]. Let the homomor- 
phism p(g) = (g,a(g)) from G to L = G x G, and other notation be 
as in §1.0.21 Let n = k + 1. Let (<?i, • • • , <?fc) G Z fc , p E Z,, q & Z and 
(pi, ...,Pk) G Z fc . Let N e N and put t = log (AT). We consider the 
standard action of G x G on W 1 x R". For s G [a, b], we have 



(2.1) (C(N,s),T](N,s)) := p(a t u(<p(s))) 





r p - 

Ql 




-Pk - 


) 


( 


- Qk - 




Pi 
L q _ 





(2.2) 



We now fix < /i < 1. Let 



Ar*(p+£Li?mM) 

N- 1 q 1 
N Jl q k 





■JV(g«pi(s)4 


-Pk) ' 




5 


N(q<p h [s)A 
N~ k q 


'Pi) 


) 



(2.3) 



B„ 



max |^| < fj,}. 

±<i<n 



Then (11.61) is equivalent to £(AT, s) £ Bp an d (1 1 ■ 71) is equivalent to 
r/(.Y..s)G/i„. 

Let ft denote the space of unimodular lattices in R n . Note that G 
acts transitively on ft and the stabilizer of Z n is T. Similarly L acts 
transitively on ft x ft and the stabilizer of Xq := (Z n , Z n ) is A. Thus 
G/r = ft and L/A = ft x ft. 

Let 



(2.4) 



= {A G ft : A n = {0}}. 



As we observed above for any s G [a, b] and iV 6 N, the inequalities 
(11.61) and (jl.7p are simultaneously insoluble, if for t = log N, 



(2.5) 



p(a t «(v3(s)))x G x AT M . 
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As noted earlier there exists a p(G)-invariant probability measure 
on p(G)x C ft x Q, say A. Since p < I, x contains an open 
neighbourhood of Xq. Hence there exists e > such that 

(2.6) X(K, x K,) > e. 

Therefore there exists a continuous function < / < 1 such that 

(2.7) supp(/) cK^xK^ and J f d\ > e/2. 

Let J be any subinterval of [a, b] with nonempty interior. Then by 
Theorem 11.31 there exists N > 0, such that for all A" > A" , and 
t = hgN, 



(2.8) -L / f{p{a t u^{s)))x Q ) ds > e/4, 

' S&J 



\J\ 



where |-| denotes the Lebesgue measure on R. 

Let M C Af be an infinite set. Let 
(2.9) 

E = {s G [a, b] : p(a(\ og N)u((p(s)))x x for all large A^ e N}. 

By (|2.8|) . for any subinterval J C [a, 6], we have | Jn E\ < (1 - e/4) | J|. 
Therefore = 0. In view of the observation associated to (12.51) . this 
proves Theorem 11.41 □ 
The Theorem 11.11 is a special case of Theorem 11.41 On the other 
hand, the proof of Theorem 11.11 can also be deduced directly from 
Theorem 11.21 in a similar way. □ 

3. Non-divergence of the limiting distribution 

Let (p : I = [a,b] R n_1 be a nonconstant analytic map. Let xq G 
L/A. Given a nontrivial continuous homomorphism p : G — ► L, for the 
sake of simplicity of notation in our study, without loss of generality, 
we will identify g G G with p(g) G L. Therefore now onwards we will 
treat G as a subgroup of L, where p being an inclusion. Let t j — ► oo 
be any sequence in R. Let Xi — > Xq be a convergent sequence in L/A. 
For any % G N let pi be the measure on L/A defined by 

(3.1) / fdfM := 4r / /(a^OOte)^, V/ G C C (L/A). 



Theorem 3.1. Given e > there exists a compact set T C L/A such 
that PiiJ 7 ) > 1 — e for all large % G N. 

It may be noted that in the case of L = G, p the identity map and 
A = SL(n, Z), the above result was already proved by Kleinbock and 
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Margulis [10]. The rest of this section is devoted to obtaining the same 
conclusion in the case of arbitrary L and A. 

3.1. Let denote the collection of analytic subgroups H of G such 
that if flA is a lattice in H, and a unipotent one-parameter subgroup of 
H acts ergodically with respect to the if -invariant probability measure 
on H/H n A. Then Jj? is a countable collection [T5l [13] . 

Let I denote the Lie algebra associated to L. Let V = ©j]™ 1 A d I 
and consider the (®f=i A d Ad)-action of L on V. Given H E Jtf, let f) 
denote its Lie algebra, and fix pu E A dimf, f) \ {0} C V. Then 



(3.2) Stab L (p H ) = N£(#) := {<? G N L (if) : det((Ad^)|„) = 1}. 



Proposition 3.2 ([5]). T/ie or6it A ■ pn is a discrete subset ofV. □ 

We may note that when L is a real algebraic group defined over Q 
and A = L(Z) then the above countability result and the discreteness 
of the orbit are straightforward to prove. 

3.2. Functions with growth factor C and growth order a. Let 

& denote the IR-span of all the the coordinate functions of the map 
T : I -f End(V) given by T(s) = (©^ [ A d Ad)(u((f(s))) for all s el. 
As explained in [TTJ §2.1], due to [TUJ, Proposition 3.4] the family ^ 
has the following growth property for some C > and a > 0: for any 
subinterval J C /, ( 6 # and r > 0, 



As a direct consequence of this condition, we have the following [TO] : 
Fix any norm ||-|| on V. 

Proposition 3.3. Given any e > and r > 0, there exists R > such 
that for any hi,h,2 E L and a subinterval J C I, one of the following 
holds: 

I) swp tG j\\hiu(ip{t))h 2 pH\\ < R- 



(3.3) 




II) 



\{t E J : ||/nu(¥>(t))/i2Ptf|| <r}| 



< e|{t G J : ||M^))^2Pfd| < #}|- 



□ 
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3.3. The non-diverergence criterion. 

Proposition 3.4. There exist closed subgroups W%, . . . , W r G Jif (de- 
pending only on L and A ) such that the following holds: Given e > 
and R > 0, there exists a compact set JF c L/A such that for any 
hi,fi2 G L and a subinterval J a I, one of the following conditions is 
satisfied: 

I) There exists 7 G A and i G {1, . . . , r} such that 
svL-p\\h 1 u(ip(s))h 2 p H \\ < R- 

II) ±\{s G J : (h lU (ip(s))h 2 )A/A G F}\ > 1 - e. 

Proof. The result follows from the argument as in [THl Theorem 2.2] 
using the earlier results of Dani and Margulis [I]; as well as its ex- 
tensions due to Kleinbock and Margulis (TO]. The main difference is 
that instead of growth properties of polynomial functions, one uses the 
similar properties of functions in & as given by Proposition 13.31 □ 

Proof of Theorem \3 . 1[ Take any e > 0. Take a sequence Rk — > as 
k — > 00. For each k G N, let jF fc c L/A be a compact set as determined 
by Proposition I3.4l for these e and Rk- If the theorem fails to hold, then 
for each k G N we have fJ,i(J r k) < 1 — e for all large i. Therefore after 
passing to a subsequences of {fii}, we may assume that fii(J-'i) < 1 — e 
for all i. Then by Proposition 13.41 after passing to a subsequence, we 
may assume that there exists W G Jt? such that for each i there exists 
ji G A such that 

(3.4) 1 1 sup a u u(ip(s))jip w \\ < Ri ^ 0. 

sei 



By Proposition 13.21 there exists r > such that ||7iPuHI — r o for 
each i. We put t>j = 7iPwVll7iPw|l- Then Vi v E V and \\v\\ = 1. 
Therefore 

(3.5) sup||a 4 -u(<y9(s))vj|| < Ri/r ^ as i — ► 00. 
Define 

(3.6) F = {«)67: lim a t w = 0} 

(3.7) = {w G V : lim (a^w = 0} 

(3.8) V° = {w EV : a t w = w, Vt G E}. 

Since {at} acts on via commuting M-diagonalizable matrices, we 
have that V = V + © V° © V". Let 7r : 1/ -> V° denote the associated 
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projection. Then from ( 13. 5ft we conclude that 

(3.9) u(<p(s))v C V~, Vs E I. 

The 'Basic Lemma' (Proposition 14. 21) proved in the next section 
states that for any finite dimensional linear representation V of G, 
any jjgVx {0} and any B C M. n ~ l which is not contained in a proper 
affine subspace, if 

(3.10) u(<p(e))v eV- + V°, Ve e B, 
then 

(3.11) ir (u(<p(e))v) ^ 0, We E B. 

By our hypothesis (13.91) implies (13.101) but contradicts its conse- 
quence ( 13. lip . □ 

As a consequence of Theorem 13.11 we deduce the following: 

Corollary 3.5. After passing to a subsequence, \Xi —>■ fi in the space of 
probability measures on L/A with respect to the weak-* topology. 

Before we proceed further from here, we will give a proof of the 
Basic lemma and obtain its consequence, which will be used in the 
later sections. 

4. Dynamics of linear actions of intertwined SL(2,M)'s 
A triple (X, H, Y) of elements of a Lie algebra is called an $l 2 -triple 

if 

(4.1) [X,Y] = H, [H,X\=2X, [H,Y] = -2Y. 

The following observation on linear dynamics of SL2-action played a 
crucial role in understanding limiting distributions of expanding trans- 
lates of curves under the geodesic flows on hyperbolic manifolds [17J. 

Lemma 4.1 ([171 Lemma 2.3]). Let W be a finite dimensional irre- 
ducible representation of an sl2-triple (X,H,Y). Let W~ (respectively, 
W + ) denote the sum of strictly negative (respectively, strictly positive) 
eigenspaces of H . Let 7r + : W — > W + denote the projection parallel to 
the eigenspaces of H. Then 

(4.2) v E W~ \ {0} => 7r + (exp(X)w) ^ 0. 

□ 

The main goal of this section is to obtain a similar result on lin- 
ear dynamics of SL(n, M) -actions by considering intertwined actions of 
copies of SL(2,M)'s contained in SL(n, M). 
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4.0.1. Notation. Let A = diag((n - 1), -1, . . . , -1) G sl(n, R). Then 
a t = exp(tA) for all tel. Define A = {o( : f 6 R} and a = Lie(A) = 
R • .4. Consider a linear representation of G on a finite dimensional 
vector space V. For /j G R, define 

(4.3) = G V : Av = fiv}. 

Let 7r^ : V — ► y M denote the projection parallel to the eigen spaces of 
A. Put 

(4.4) V- = V ^ V+ = V ^ 

(4.5) n -=Yl ^' ^+ = 7r ^ 

An affine basis of R n_1 is a set B C R n_1 such that for any e G B, 
the set {e' — e : e' G £> \ {e}} is a basis of R n_1 . 

Proposition 4.2 (Basic Lemma). Let the notation be as above. Given 
an affine basis B ofW 1 ^ 1 and a nonzero vector v G V , suppose that 

(4.6) u(e)v G V° + V~, VeG#. 
Then 

(4.7) 7t (u(e)v) ^0, Ve G R 
Proof. By ( 14. 6p there exists /x < and e & B such 

(4.8) 7r M0 (rt(e )v) 7^ 0, and 

(4.9) 7T M (M(e)w) = 0, V/i > /i and Ve G B. 

We write the basis {e - e : e G S \ { e o}} R n_1 as {ei, . . . , e n _i}. 
Put t>o = u(eo)f . Then 

(4.10) 7r M > Q )^0 and 

(4.11) 7r M (M(ej)fo) = for all /x > {iq and 1 < z < n — 1. 
To prove (14. 7p we need to show that 

(4.12) fi = and 

(4.13) 7r (w(e>o) ^ 0, Vl<i<n-1. 

Let the set {fi, . . . , f n -i} consisting of real ((n — 1) x 1) column 
matrices be the dual to the basis {ei, . . . , e n _i} of R n_1 consisting of 
(1 x (n — l))-row matrices; that is, 

(4.14) e i f j = 6 ij , Vi, j G {1, . . . ,n — 1}, 
For % G {1, . . . ,n - 1}, let 

(4.15) X, :=*(*)= [ Q :iJ and := Y (fi) = [ % 0n _ x ] , 
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where n _i is the ((n — 1) x (n — l))-zero matrix. Then u{ei) = exppQ). 
Let 

(4.16) Hi := [Xi,Yi] = _ fi£i ] = i 1 G sl(n,R). 

Then (Xj, ii/j, Y t ) is an sl 2 -triple. Let 0, = span{Xj, Fj} C sl(n, M). 

n-l 

(4.17) ^/ iei = /„_!, 

i=i 

the ((n — 1) x (n — l))-identity matrix. Therefore 

(4.18) .A = #! + ..• + 
Also 

(4.19) b = span{P; : i = l,...,n- 1} 

is a maximal R-diagonalizable subalgebra of sl(n, M). Moreover 

(4.20) [H,Qi]=Q h VHeb. 

Thus b + g t is a reductive Lie algebra which is isomorphic to M. n ~ 2 ©s[ 2 . 
Note that the Lie groups associated to these q^s are our intertwined 
copies of SL2's, and we want to study their joint linear dynamics. 
For a linear functional 5Gb*, let 

(4.21) V(6) = {veV:Hv = 8(H)v}. 

The set A = {5 G b* : V(8) ^ 0} is finite and V = ®seAV(5). Let 
qx : V — > V(S) be the associated projection. 

Claim 4.2.1. Let 5 G A be such that v(5) := (fc^MoC^o)) 7^ 0. T/ien 
5(H) >0 for alll <i <n-l. 

To prove the claim, take any 1 < i < n — 1. Consider the decompo- 
sition 

(4.22) 7 = Wi © • • • © W s , 

where H^-'s are irreducible subspaces for the action of the Lie subalgebra 
b + Qi and sGN. Therefore each Wj is an irreducible representation 
of the s[ 2 -triple (Jfj, Hi,Yi). Let Pj : V — ► W,- denote the associated 
projection. We note that 



(4.23) 71"^ o = Pj o 71^, for all 1 < j < s and pel, and 

(4.24) g 5 o = P, o g 5 , for all 1 < j < s. 
There exists 1 < j < s such that 

(4.25) Pj(v(5)) ± 0, 
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we take any such j. In particular, by (14.231) and (14.241) . 

(4.26) W j nV, 3P J (n flo (v ))^0. 

By the standard description of finite dimensional representations of s^, 
let k > and W-k G Wj be such that 

(4.27) Yi ■ W-k = and Hi ■ W-u = —k ■ W-k- 
For any r > 0, put W-k+2r '■= X\ ■ W-k- Then 

(4.28) Hi ■ W^k+2r = (—k + 2r)w^k+2r 

and Wj = span{w_fc, . . . ,Wk}. Since [Hi, b] = and Wj is b-invariant, 
for each < r < k, there exists 5 r G A such that W-k+2r G V(5 r ) and 

(4.29) 5 r ^5 r >, ifr^r'. 
Put A = S (A). Then 

(4.30) .4. • iu_fc = A • iy_ fc . 
Since [A, Xi\ = n, we have 

(4.31) A ■ w-k+2r = (A + nr)w-k+2r, V0 < r < fc. 

Thus, if -Pj(V^) 7^ for any /i, then -Pj(V^) C R ■ w^ k+2r for some r > 
such that A + ot = /i. 

Therefore by ( 14. 26ft there exists ro > such that 

(4.32) /i = A + nr and 

(4.33) Wj n y w = r • ™_ fc+2ro . 

Recall that ■u(ej) = exppQ). By (14. lip and (I4.23p . for all \x > yU , we 
have 

(4.34) 7V(P> )) = PjMvo)) = °> and 
(4.35) 

7r /1 (exp(X i )P i (f )) = 7T At (P j (exp(X i )t;o)) = P j (TT fl (exp(X i )v )) = 0. 
Therefore 

(4.36) {Pj(v ),exp(Xi)Pj(v )} C span{uL_ fc , . . . , w_ fc+2ro }. 

Therefore by Lemma 14.11 applied to the s^-triple (JQ, H^, Y^), since 
Pj(vo) 7^ 0, we have 

(4.37) - k + 2r > 0. 

By 0425]), and gjS]), 

(4.38) 

^ P>(5)) = P^Tr^fo))) = ^(^(tt^^o))) = Pi(7r w («b)). 
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Also 
(4.39) 

HiiPjiviS))) = Pj(Hi(v(5))) = PMHMS)) = Sm ■ P>(5)), 
and 

(4.40) HiiP^ivo))) = (-k + 2r )P j (n tl0 (v )). 
Therefore by (14371) 

(4.41) 8{Hi) = -k + 2r > 0. 

This completes the proof of the Claim 14.2. 11 
Since 7r M0 (w ) ^ 0, there exists 5 G A such that 

v(S) := qsin^Xvo)) + 0. 

Now since A ■ v{$) = [iov(8) and A = Hi + • • • + H n -i, by Claim |4~!2. II 

n— 1 

(4.42) 0> / u = ^5(iJ i ) >0. 
Therefore 

(4.43) /i = and = 0, VI < i < n - 1. 

Thus (14.121) is verified. 

Going back to the representation Wj of Qi considered above, by (14.411) 
and ([BSD -k + 2r = 6 {Hi) = and A ■ w = 0. Therefore by (jOSj) . 
we have 

(4.44) {P i (u ),exp(Xj)P i (u )} C span{w_ fc , . . . , w }. 
Therefore, since P?(i>o) ^ 0, by Lemma [4.11 

(4.45) exp(X i )P j (v ) <£_ span{w_ fc , . . . , u>_ 2 }- 

Hence by (14331 and (033]), 
(4.46) 

P i (7r (exp(X i )f )) = ■K (P j (exp(X i )v )) = ^(exppQP^o)) ^ 0. 
Therefore 7r (exp(Xj)t' ) 7^ 0. Thus (14.131) is verified. □ 
Consider the linear action of Zq(A) on R" --1 such that 

(4.47) u(g ■ e) = gu{e)g-\\/g G Z G (A), Ve G R n ~\ 

Note that under this action Zq(A) maps onto GL(n — 1,M). We also 
note that for any basis C of M n_1 , the set 

(4.48) Dc := {g G Zq(A) : each e G C is an eigenvector of g} 
is a maximal R-diagonalizable subgroup of G. 
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Corollary 4.3. Let the notation be as in Proposition \4-2\ For any 

eeB, 

(4.49) gn (u(e)v) = ir (u(e)v), Wg E D c , 
where C = {e f — e : e' E B \ {e}}. 

Proof. As a consequence of Proposition 14. 2\ fi = and n m {u{e)v) ^ 0. 
Let the notation be as in the proof of Proposition l4.2[ Then u(e)v = Vq. 
Now C = {ei, . . . , e n _i} and for any i, we have HiCi = 2 and Hiej = Cj 
if j ^ i. Therefore by fT4~T9l . D c = exp(b). 

For any 5 E A, if g 5 (7r Mo (w )) ^ then by fl4~43D 

(4.50) H i qs{'K^{v Q )) = 5{H l )q s {'K ilo {v G )) = 0, VI < % < n - 1. 

Therefore ifj7r Mo (w ) = ^ 5eA H i q s (ir IJ , (vo)) = for all z. Hence b • 
^o^o) — 0- Therefore D c n (vo) — ^oC^o) — Po{ u ( e ) v ) an d we obtain 

dai. □ 

Corollary 4.4. Let a set £ C IR™" 1 and e E £ be such that the set 
£ e := {e' — e : e' G £} is not contained a union of n — 1 proper 
subspaces o/R n_1 . Suppose that v E IR n_1 z's sttc/i t/iat 

(4.51) u(e')v EV° + V, Ve'E£. 
Then 

(4.52) 7r (u(e)v) j£ and 

(4.53) Z G (A) C Stab G (7r (M(e)t;)). 

Proof. First f)4.52p follows from Proposition 14.21 

Replacing v by u(e)v and £ by £ e , without loss of generality we may 
assume that e = E £ and we only need to prove that 

(4.54) Z G {A) C Stab G (7r (^)). 

By our hypothesis there exist {bi, . . . , C £ which is a basis of 

]R n_1 . Let {ei : i = 1, ... ,n — 1} denote the standard basis of IR n_1 . 
We put e = 0. Then there exists z E Z G (A) such that zbi = e^ for 
1 < i < n - 1. Now by (jOT]) . 

(4.55) z(tz(6)u) = (ztz(6)« _:L )(zi;) = w(z • 6)(zu) C V° + 1/", V6 G 5. 

Also 7To(2;u7) = zito(w) for all w; G V. Therefore to prove the result, 
without loss of generality we can replace £ with z ■ £ and v with zv, 
and assume that 

(4.56) B := {ei : < i < n- 1} C £. 
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Let C = {ei, . . . , e n _i}. Let D denote the maximal diagonal sub- 
group of SL(n, R). Then £> c = Z) and by Corollary 14. 3} 

(4.57) D c Stab(7ro(u)). 

By our hypothesis, £ \ {ei, . . . , e n _i} is not contained in a proper 
subspace of R n_1 . Therefore there exists e[ G £ such that 

n-1 

(4.58) e[ = Vi and A, ^ 0, V 1 < i < n - I. 

i=l 

For a? = (a?!, . . . , x n - 2 ) G R n ~ 2 , let 

r i 



(4.59) 



1 £2 
1 



1 

Put x = (— Af 1 A2, • • • , — AT/ A n _i). Then u>(cc)ei = Af 1 e' 1 and w(cc)ej = 
ej for z = 2, . . . , n — 1. Let C = {e[, e<i, . . . , e n _i}. Then 

(4.60) D a =w{x)~ 1 Dw{x). 

Since B' := {0, e[, . . . , e n _i} C £, by Corollary 14.31 applied to £>' 
in place of B, we obtain that 

(4.61) w{x)' 1 Dw{x) = D c , c Stab(7r (u)). 

Since each coordinate of x is nonzero, the group generated by D and 
w(x)~ 1 Dw(x) contains W := {w(y) : ?/ € R n ~ 2 }. Then by 04.571) and 
fl4lJTj) . -DVT C Stab G (7r (w)). Let a > 1. Then W is the expanding 
horospherical subgroup of Zq(A) associated to 

g = diag(l, a n ~ 2 , a -1 , . . . , a -1 ) G D. 

Note that W~ := {Hu(vy) : y G IR n ~ 2 } is the contracting horospheri- 
cal subgroup of Z G (A) associated to g . Therefore tt (v) is stabilized 
by W~. Since Z G (A) = A ■ SL(n - 1,R), one verifies that Z G (A) is 
generated by W, W~ and D. Therefore Z G (A) stabilizes vr (v); that is 
flTM} holds. □ 

Lemma 4.5. Let Xj ^ x be a convergent sequence in R n_1 . Suppose 
there exists v & V such that 

(4.62) tt(^Gl/° + r, VzGN, 

and a sequence Si — > of nonzero reals such that f = Hm i ^ 00 (x i — x)/5i 
exists. Then 

(4.63) G Stab(7r (n(x)t»)). 
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Proof. For any sequence U — > oo and W{ — > w in V + V°, we have 
a tj u>j — > 7To(w) as z — > oo. In particular, 

(4.64) a u u(xi)v % ^ ir (u(x)v). 
Put = (1/n) log^," 1 ) for all i. Then 

a ti u(xi) = a ti u(xi — x)u(x)v 

= u(e ntt (xi - x))(ai i M(x)w) l —¥ u(f)ir Q (u(x)v) . 

Therefore u(f) stabilizes tto(u(x)v). □ 

Corollary 4.6. Lei (p : J = [a, b] — > M n_1 fre a differentiable curve 
which is not contained in a proper affine subspace ofW 1 " 1 . Let O^w 6 
V be such that 

(4.65) u(<p(s))v G V° + V~, Ms el. 
TTien f is stabilized by G. 

Proof. Since <^ is differentiable and ip(I) not contained in a proper 
affine subspace of M n_1 , we conclude that for any s G J, the set 
£ := — ip(so) : s G /} is not contained in a finite union of 

proper subspaces of M n_1 . Now we can apply Corollary 14.41 to the set 
£ = {(p(s) : s G /} and conclude that 7i (u(ip(s))v) ^ is stabilized by 
Zq(A) for all s G I. Now let s G / such that </K s o) 7^ 0. Let Si — > be 
a sequence of of nonzero reals. Then <p(s ) = limi_ KX j((^(s i ) — <p(s )) / S^. 
Therefore by Lemma 14.51 Trn(u(ip(sn))v) is stabilized by u((p(s )). Now 
the subgroup, say Q, generated by u(<p(so)) and Zq(^4) contains {^(21) : 
a; G M n_1 }. Therefore Q is a parabolic subgroup of G. Since Q stabi- 
lizes ii Q (u((p(so))v ), we conclude that G stabilizes 7t (u((p(so))v ). 

We put w = w(^(so)^) — ^(^(^(so)^))- Then 
(4.66) 

u((f(s) - (p{s ))v = u(cp(s))v + <po(u(<p(s ))v) G V~0 + V~, Ms G I. 

We choose a finite subset I\ d I containing s such that {ip(s) — 
(f(so) : s G Ji} is an affine basis of M™" 1 , and apply Proposition 14.21 
Therefore if v 7^ then 7r (i>o) 7^ 0. Since by our choice 7r (t> ) = 0, we 
conclude that v = 0. Therefore u(<p(s ))v is stabilized by G. Hence v 
is stabilized by G, because u(ip(s )) EG. □ 

Corollary 4.7. Let ip : [a, b] — *> M n_1 be a differentiable curve, whose 
image is not contained in a proper affine subspace of W 1 ^ 1 . Let V 
be a finite dimensional normed linear space on which G acts linearly. 
Further suppose that there is no nonzero G -fixed vector in V. Then 
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given C > there exists to > such that 

(4.67) sup||atw(</?(s))ti|| > C\\v ||, W G V and t > t Q . 

sei 

Proof. If the conclusion of the proposition fails to hold then there exists 
C > and a sequence U — > oo and convergent sequence — ► t> in 1/ 
such that \\v\\ = 1, and 

(4.68) sup||a ti u(^(s)K|| < C|H|, Vz G N. 

Therefore we conclude that for any s G /, 

(4.69) 7r + (w(</?(s)u)) = lim 7r + (tt((/?(s))uj) = 0. 

In other words, 

(4.70) u(ip(s))v CV~ + V°, Vs G /. 

Then by Corollary 14.61 v is fixed by G. But this contradicts our hy- 
pothesis and the proof is complete. □ 

5. Ratner's theorem and dynamical behaviour of 
translated trajectories near singular sets 

Our aim is to prove that fi, as obtained in Corollary 13.51 is L- 
invariant. As explained in §1.11 we will use a technique from [TT] . 

5.1. Twisted curves and limit measure. Let <f(s) denotes the tan- 
gent to the curve p at s. Now onwards we shall assume that <p(s) ^ 
for all s G I. 

Fix w G IP" 1 \ {0}, and define 

(5.1) W = {u(sw ) : s G E}. 

Recall that Zq(A) acts on M n_1 via the correspondence u(z ■ v) = 
zu{v)z~ l for all z G Zq(A) and v G M n_1 . This action is transitive on 
jgm-i x jgj Therefore there exists an analytic function z : I —> Zg{A) 
such that 

(5.2) z(s) ■ tp(s) = w . 

For any i G N, let A; be the probability measure on L/A defined by 

(5.3) / / d\ t := ir / f(z(s)a l u(^(s))x l ) ds, V/ G C C (L/A). 

J L/A M I ,/seJ 

Corollary 5.1. After passing to a subsequence, Aj — > A u>rt/i respect to 
the weak-* topology on the space of probability measures on L/A. 
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Proof. Given e > 0, by Theorem 13.11 there exists a compact set T C 
L/A be such that ^{J 7 ) > 1 — e for alH > 0. Since z(I) is compact, 
there exists a compact set T\ D z(I)J-. Then \i{J-\) > 1 — e for 
all i. Now the corollary is deduced by standard arguments using the 
one-point compactification of L/A. □ 

5.2. Invariance under unipotent flow. 

Proposition 5.2. Suppose that A/— ^»A in the space of probability mea- 
sures on L/A with respect to the weak-* topology. Then A is W- 
invariant. 

Proof. This statement can be deduced by an argument identical to that 
of the proof of [T7| Theorem 3.1]. An idea of this proof is based on the 
explanation related to (jTTTDl> - (jTT2l) . □ 

Now we shall describe the measure A using Ratner's [13J description 
of ergodic invariant measures for unipotent flows. Let it : L — ► L/A 
denote the natural quotient map. Let W be as defined in (15.11) . For 
H eJff, define 

N(H, W) = {g G G : g~ l Wg C H} and 
S(H, W) = \Jfs*N{F,W). 

FCH 

Then by Ratner's theorem [13J, as explained in (T2J Theorem 2.2]: 

Theorem 5.3 (Ratner). Given the W -invariant probability measure A 
on L/A, there exists H e Jt? such that 

(5.4) X(tt(N(H, W)) > and \(tt(S(H,W)) = 0. 

Moreover almost every W -ergodic component of X on ir(N(H, W)) is a 
measure of the form g^u, where g G N(H, W) \ S(H, W) and \iu is a 
finite H -invariant measure on 7r(H) = H/H flA. In particular if H is 
a normal subgroup of L then A is H -invariant. □ 

5.3. Algebraic criterion for non-accumulation of measure on 
singular set. Let srf = {v <E V : v A w = E A d+1 g}. Then srf is the 
image of a linear subspace of V. We observe that 

(5.5) N(H,W) = {geL:g-p H e*f}. 

Proposition 5.4 (Cf. [5J). Given a compact set C C srf and e > 0, 

there exists a compact set T> C srf containing C such that given any 
neighbourhood $ of V in V , there exists a neighbourhood ^ of C in 
V contained in $ such that for any h G G, any v G V and any open 
interval J C I, one of the following holds: 
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I) hz(t)u(ip(t))v G <3> for all t e J. 

II) \{t G J : hz(t)u(ip(t))v G < e\{t G J : hz(t)u(<p(t))v G $}|. 

Proof. As noted in [TTJ, Proposition 4.4], the argument in the proof of 
[5J Proposition 4.2] goes through with straightforward changes using 
the Proposition I3.3I instead of [U Lemma 4.1]. □ 

The next criterion is the main outcome of the linearization technique. 

Proposition 5.5 (Cf. [12] ). Let C be any compact subset ofN(H, W)\ 
S(H, W). Let e > be given. Then there exists a compact set T> C srf 
such that given any neighbourhood $ of V in V , there exists a neigh- 
bourhood O of tt(C) in L/A such that for any hi, h% G L, and a subin- 
terval J C I, one of the following holds: 

a) There exists 7 G A such that (hiz(t)u((p(t))h2 n f)pH G <E>, Vt G J. 

b) |0 G J : M(t)w(^(t))7r(/i 2 ) G 0}| < e|J|. 

Proof. Again this result and its proof are essentially same as those of 
[T71 Proposition 4.5]. □ 

5.4. Applying the criterion and the basic lemma. 

Theorem 5.6. Suppose that Aj *— ^5 A in the space of probability mea- 
sures on L/A with respect to weak-* topology. Then A is L-invariant. 

Proof. By Proposition 15. 2\ A is invariant under the action of the non- 
trivial unipotent subgroup W. Therefore by Theorem 15.31 there exists 
H G such that 

(5.6) \(tt(N(H,W)) > and X(tt(S(H, W)) = 0. 

Let C be a compact subset of N(H, W)\S(H, W) such that A(C) > e 
for some e > 0. In other words, if we write Xq = ir(go) for some go G G, 
then there exists a sequence $ — > go such that Xi = 7r(<fc). Given any 
neighbourhood (9 of 7r(C) in L/A, there exists zo > such that for all 
i > i , we have Xi(0) > e for all i > io and hence 

(5.7) G / : z(s)a ti u{(f(s))xi = 7r(a t .z(s)u((p(s))gi) G 0}\ > e. 

Let T> C ^/ be as in the statement of Proposition 15.51 Choose any 
compact neighbourhood $ of T> in V. Then there exists a neighbour- 
hood O of 7r(C) in L/A such that one of the two possibilities of the 
Proposition 15.51 holds. Therefore due to (15.71) . for all i > io there exists 
7i G A such that 

(5.8) {z(s)a ti u{s)gai)p H = {a tl z(s)u{s)g i ^ i )p H G $, Vs G I. 
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Let $1 = {z(s) 1 : s G J}$. Then <I>i is contained in a compact subset 
of V, and the following holds: 

(5.9) a u u(s)(gai)p H C $i, Vs G I, Vz > i . 

Now we express 1/ = PVo © Wi> where W is the subspace consisting 
of all G-fixed vectors and W\ is its G-invariant complement. For i G 
{0, 1}, let Pi : V Wi denote the associated projection. Consider any 
norm ||-|| on V such that 

(5.10) |H| = max{||P (w)||,||P 1 (w)||}, Vw G V. 

Let P = sup{||w|| : u> G $i}. By ( 15. 9ft . for all i > io and s G I we have 
(5.11) 

||a t u(p(s))(0i7#jr)|| = ||Po(ft7iPff)il + \\a>Mv{s))Pi{giliVH)\\ < R. 

Therefore, by Corollary 14.71 applied to W\ in place of V and (7=1, 
there exists %\ > i$ such that 

(5.12) <R, Vi>ii. 
Combining doTTOl) . (loTTTj) and (1532]) we have 

(5.13) IbiTiPffll < P> V? > ii. 

The orbit A ■ pjj is discrete due to Proposition 13.21 And gi — ► # 
as z — > oo. Therefore by passing to a subsequence we may assume 
that "fip H = IhPH for all % > i x . Put 5 = ||Pi(po7nPtf)ll > and 
C = 2RSQ 1 . Then By Corollary 14. 7\ there exists %2 > i\ such that for 
all % > Z2 we have 

(5.14) sup||o(*i)u(¥j(s))Pi(</ < 7 il p^)|| > G || Pi (ga h p H ) II > P- 

This contradicts (15.111) for all i > ii, unless Piigoj^PH) = 0. Hence 
dolhPH is G-fixed. Since A ■ p H is closed in V, AStabQoj/) = ANl(P) 
is closed in L. Therefore by taking the inverse N^(P)A is closed in L. 
Hence the orbit 7t(Nl(P)) is closed in L/A. By [15., Thm. 2.3] there 
exists a closed subgroup Hi of Nl(P) of L containing all Ad-unipotent 
one-parameter subgroups of L contained in N^(P) such that PiflA is a 
lattice in Hi and ir(H x ) is closed. Now p(G) is generated by unipotent 
one-parameter subgroups. Therefore if we put F = go7iiPi(<?o7ii) 1 ? 
then p{G) C F. Also Fxq = g^^n^Hi) is closed and admits a finite 
P-invariant measure. Hence by our hypothesis in the beginning of 
Section [3j P = L. Therefore L = Hi C N^(P). Therefore, since 
JV(#, W) ^ 0, we have N(H, W) = L. In particular, W C H. Thus 
P fl p(G) is a normal subgroup of p(G) containing W . Since p(G) is a 
simple Lie group, p(G) C P. Since P is a normal subgroup of L and 
7r(P) is a closed orbit with finite P-invariant measure, every orbit of 
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H on L/A is closed and admits a finite if-invariant measure. Hence 
by our hypothesis, H = L. Now in view of (I5.6p . by Theorem 15.31 A is 
H = L-invariant. □ 



Corollary 5.7. The measure // as in the statement of Corollary \3.5\ is 
the unique L-invariant probability measure on L/A. 

Proof. Since (p is analytic, the set of points where (p(s) = is finite. 
Therefore it is enough to prove the theorem separately for each closed 
subinterval J of /, in place of /, under the additional hypothesis that 
(p(s) for all s G J. Since (p is analytic, if J is any subinterval of / 
with nonempty interior, then <p(J) is not contained in a proper affine 
subspace of R n_1 . Therefore without loss of generality we assume that 
ip(s) ^ for all s G I. Let z(s) G Z G (A) be as defined in ([535]) . 
Given e > there exists a neighbourhood O of the e in Zq(A) such 
that \f(zx) — f(x)\ < e for all x G L/A and z G O. We consider 
a partition I = J\ U • • • U such that for any s,s' G Jj, we have 
z(s)^ 1 z(s') G O. For each j G {1, . . . , fe}, choose Sj G Jj, and define the 
function fj(x) = f{z{sj)^ 1 x) for all x G L/A. Then by Theorem 15. 6[ 
applied to the interval Jj in the place of J, there exists ij > such that 
for all i > ij, we have 



(5.15) 

Since \xl is ZQ(^4)-invariant 



fj(z(s)a u u(cp(s))xi)ds - \Jj\ / fj(x) dfx L {x) 

Jj J L/A 



<e\Jj\. 



(5.16) 
Now 
(5.17) 

(5.18) = 

(5.19) < 



fj(x) dfi L (x) = / f(x)dfi L (x) —. Sj. 
l/a Jl/a 



f(a t .u((p(s))xi) ds - \ Jj\Sj 



f{{z(s) l z{sj))z(sj) 1 z(s)a u u{<p{s))x i )ds -\Jj\Sj 



f j (z(s)a ti u(<f(s))x i )ds- \ Jj\Sj 



\Jj\ 



(5.20) <2e\Jj\ 



where (15.191) follows from the choice of O and the partition of / into 
Jj% and (JE2QD follows from fl5TT5|) and (15161) . 
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Therefore for any % > max{zi, . . . ,ik}, we have 
(5.21) 



HI • 



(5.22) 



(5.23) 



fdfii- / / dfi L 



f {a u u{(p{s))xi) ds - |/| / f(x) dp 



3=1 



f(a u u(ip(s))xi) ds - \Jj\ / fdp L 



< 2e 



L^\»3 

3=1 



J A < 2e|/|. 



□ 



This shows that p is L-invariant. 

Proof of Theorem \1.3[ By [T5l Theorem 2.3] there exists a smallest sub- 
group H of L containing p(G) such that the orbit Hxq is closed and 
admits a finite if -invariant measure. Therefore replacing L by H and 
A by the stabilizer of xq in H, without loss of generality we may assume 
that H = L. 

If (11.51) fails to hold then there exist e > and a sequence t j — ► oo 
such that for each i, 

»6 



(5.24) 



1 



f(p(a ti u(<f(s)))x )ds 



f dpi 



L/A 



> e. 



If we put Xi = Xq for each i, then in view of (13.11) and Corollary 13. 5[ 
this statement contradicts Corollary 15. 71 □ 

Proof of Theorem 11.61 Note that if the theorem fails to hold then, there 
exist sequences Xi — > xq in /C and £j — > oo in R such that 



(5.25) 



1 



f(a u u(ip(s))xi)ds- I fdp G 



> e, 



□ 



for all i. This statement contradicts Corollary 15.71 

Proof of Theorem \1.5i Let ipi,j{ s ) denote the i,j-th coordinate of tp(s) 
for all s G I. By our hypothesis, the set {t : ^i,i(i) = 0} is finite. 
Therefore arguing as in the proof of Corollary I5.7[ without loss of gen- 
erality we may assume that ipi.i{s) 7^ f° r all s G / := [a, b]. Define 

'4>iM ^i,n(s)' 



(p{s) 



i)71—l 



Ws G I. 



' ^1,1 ( s ) 

Let U~ = {g G G : a t ga^ 1 e}. Then there exist continuous curves 
■0_ : / — > and ipo : I ^> Zg(^4) such that 

V>(s) = ^-(s)^o(s)w(y(s)), Vs G /. 
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We observe that the curve {<p(s) : s G /} is contained in a proper affine 
subspace of if and only if the curve {C0i,i( s ))i<j'<»O '■ s <E 1} 

is contained in a proper subspace of IR n . Given any e > and / G 
C C (L/A), there exists t > such that for all t > t and x G L/A, we 
have \f(a t ip-(s)x) — f(a t x)\ < e. Therefore without loss of generality 
we may replace if)(s) by ijjo(s)u((p(s)) for all s G I to prove the theorem. 

Now we apply the argument of the proof of Corollary 13.51 to ipo{ s ) m 
place of z(s), and Theorem 11.31 in place of Theorem 15.61 to complete 
the proof of the theorem. □ 

We shall not provide detailed proofs of other results stated in §1.21 
as they can be deduced by following the general strategy of [5] and the 
method of this article. 
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